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Abstract 

We review recent progress in a fully dynamical Lagrangian description of the supergravity-superbrane 
interaction. It suggests that the interacting superfield action, when it exists, is gauge equivalent to the 
component action of dynamical supergravity interacting with the bosonic limit of the superbrane. 


1 Introduction 


Superbranes ii play an important role in recent developments of String/M-theory as well 
as in their applications to the study of quantum Yang-Mills theories Q and the structure of the 
Universe. 

A popular description of superbranes was proposed in 1989 ii- It identified them with 
solitonic solutions of the pure bosonic ‘limit’ of the supergravity equations. Although all the 
fermions are set equal to zero, the superbrane solutions are supersymmetric and, hence, stable. 
Already in [||, the superstring description as a solitonic solution of JJ = 10 dimensional super¬ 
gravity was found. On the other hand, linearized supergravity was derived from the quantization 
of the superstring in flat superspace [^. This allows one to identify supergravity with the low 
energy limit of superstring theory. As the complete supergravity action can be uniquely restored 
from the linearized one by requiring D = 10, type IIB local supersymmetry, the identification of 
supergravity as a low energy limit of superstring theory is quite convincing although the mech¬ 
anism for the appearance of curved spacetime from the superstring is still obscure and requires 
further progress in constructing string field theory |^. 

One may, however, consider the interaction of a superstring with a supergravity background 
i.e., consider a superstring moving in a given curved superspace Q. Then, selfconsistency 
requires having a smooth flat superspace limit for such a system. This implies, in particular, 
that the Green-Schwarz superstring has to possess local fermionic K-symmetry [10, in curved 
superspace, as it does in the flat one. Such a requirement immediately results in JJ = 10 
superfield supergravity constraints being imposed on the background superfields |^]. The point 
is that these are on-shell constraints, i.e. that their selfconsistency implies equations of motion 
for D = 10 supergravity (actually, sourceless or ‘free’). 

This could be regarded as an advantage of superstring theory, as in the bosonic string model 
the equations of motion for the background can be obtained only by one-loop quantum calcu¬ 
lations (namely, from the requirement that the conformal (Weyl) symmetry is preserved in the 
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quantum theory). However, on the other hand, these equations of motion are sourceless super¬ 
gravity equations. Then their appearance from the selfconsistency conditions for the superstring 
might produce the impression that supersymmetry forbids the interaction of supergravity with 


a source. 


The same situation occurs with other superbranes [ffl, 11]: as their worldvolume actions 


possess K-symmetry when considered in the flat superspace, the selfconsistency of the model in 
curved superspace requires a smooth flat superspace limit and, hence, the preservation of the n- 
symmetry in a curved background. Such a requirement results in the supergravity constraints, 
which again imply ‘free’ supergravity equations of motion for the physically most interesting 
D = 10 and 11 cases. 

So a challenge is to see whether one can provide a full (quasi)classical Lagrangian description 
of the supergravity-superbrane interacting system so that supergravity is treated dynamically 
and not just given by a background. Such a Lagrangian should produce a complete set of super¬ 
gravity equations with singular sources having support on surfaces (worldvolumes) in spacetime 
(superspace). In this contribution we review briefly our recent results HH, [T^ in this direc¬ 
tion, i.e. towards a selfconsistent Lagrangian description of supergravity-superbrane coupled 
system. 


2 Statement of the problem 

It is natural to assume that such a Lagrangian description is based on the sum of some super¬ 
gravity action Ssg and the super-p-brane action Sp, 


S = SsG + Sp 


( 1 ) 


A superbrane is a brane moving in superspace. This means that the super-p-brane world- 
volume is a hypersurface = Z^(^) in superspace with D bosonic coordinates 

(p = 0,1,... , D — 1) and n = A^dim(S'pm(l, D — 1)) fermionic coordinates 0" (d = 1,..., n; 
below we assume N=l for simplicity). 


pyP+i c : Z^ = Z^{i) 


= x^(^) 

0“ = 0“(O 


( 2 ) 


the = (t, cf) are local coordinates, m = 0,... ,p, and the hat indicates dependence on 

The action Sp is formulated in terms of supervielbein and gauge field superforms on 
characteristic of the superfield description of supergravity. 


E^{Z) = dZ^E^iZ) = {E<^,E^) , 
Cq{Z) = ^dZ^-^ A ... A dZ^^CM,...M,{Z) 


( 3 ) 


pulled back to 


Sp= f £p+i(E-,C,) = SplE-,Cg], 

Wp+1 

E^ = E\Z{i)) := dZ^iOE^rim) , C, = C,(Z(0) 


( 4 ) 

( 5 ) 


and, perhaps, a set of worldvolume gauge fields (one-form A(^) = d£J^Am{C) Dirichlet 
superbranes). For instance, for the ‘standard’ branes which do not carry additional worldvolume 
gauge fields, the action Sp reads Q 


Sp = Sp[E-,Cp+i]= J ( 1 *4a.F“-4+i), 

wp+i 


( 6 ) 
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where * is the Hodge star operator for the induced metric, ^\det{E^ah)\- 

Hence, to have a well posed variational problem for the interacting system action , one 
has to assume that the supergravity action is also formulated in terms of superfields E^{Z), 

CMl...Mq{Z), 

S = SsG[E^,Cq] + Sp[E^,C,]. (7) 

The problem, however, is that for the most interesting cases {D = 10 and D = 11) no superfield 
action for supergravity is known. 

As, in contrast, the component action ...] for all < 11 supergravity 

theories is now known, one might think of using it in ® instead of the superfield supergravity 
action, and decompose the superfields in Sp[E^,Cg] in terms of component fields, e.g. E'^ = 
e“(x) + 0{9), E^ = + 0{9). However, the problem is that to find the decompositions of 

these superfields one has to use the superspace constraints. For D = 10,11 these are the on-shell 
supergravity constraints, which imply that the fields e“(x), tp^(x} obey the ‘free’ supergravity 
equations (without any source term). Moreover, as these fields are solutions of equations of 
motion, one is not free to take their arbitrary variations. Thus, despite the first impression, the 
variational problem for the action Ssg[s'^, dx^ip ^,...] + Sp[E^,Cq\ is not well posed. 


3 Group manifold approach to supergravity—superbrane inter¬ 
action 


A solution to the above problem (for any D) was proposed in []^| using in (^ the group manifold 
or rheonomic action for supergravity [^], 


SgmSG = Sg„,SG[E^,w‘^\Cg], (S) 

which is written in terms of superfields, but pulled back to a surface of maximal bosonic 
dimension in superspace, 

c ^imn> , ^ , (9) 

:= E^{Z{x)) = dZ^{x)E^{Z{x)) , 

:= w^\Z{x)) , Cg := Cg{Z{x)) , (10) 


where the tilde indicates x-dependence. 

As both SgmSG and Sp are formulated in terms of pull-backs of the same superfields, the 
variational problem for the coupled action 

S = Sg^SG[E^, W"\ Cg] + Sp[E'^, Cg] (ll) 


is now well posed. 

A salient feature of (0) is that the interacting dynamical system involves two types of 
fermionic coordinate functions, 0“(x) and 0“(^), which are apparently independent. However, 
it may be seen |12| that the variation with respect to the bosonic supervielbein produces an 
equation the consequences of which include not only the superfield (superform) generalization 
of the Einstein equation (with a source) pulled back to the surface 


M, 


(D-l)a 




= J, 


(D—l)a '! 


( 12 ) 


but also the identification of the supergravity and superbrane fermionic coordinate functions on 

WP+i 11, 

r(0 = r(x(0) • (13) 
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This implies that, on the mass shell, the worldvolume lays on the surface , yyp+i c 

The {D — 1 ) current density distribution Jd-i in Eq. ( 12 ) has the form 




'VVP+i 




(14) 


and the exterior power is defined by e.g., Ea^^.a^'^ = ^^ai...aqbi...hB-qdd^^^ A ... A E^xi-q for the 
bosonic supervilebein. 

More details on the group-manifold based approach to the supergravity-superbrane inter¬ 
acting system can be found in ref. [12|. Here we would only like to mention some features of this 
approach which, although reasonable (as seen below and in Bll), were perhaps unexpected. 
i) As the superbrane action (|^ does not contain the pull-back of the fermionic supervielbein 
the variation of the action ( |ll|) with respect to E" produces the pull-back of the superfield 
(superform) generalization of the Rarita-Schwinger equation without a source term. 




:= —VEd A E^j:^ 


{D-l)a 


abc 


abc 
■ Pa 


+ ... = 0 


(15) 


ii) The held equations (Eqs. ( 0 ), (prl), etc.) are dehned on an arbitrary surface Ai^ in 


superspace (the fermionic function is not restricted by any equation, except for (|]^ which 
could rather be treated as a relation for Nevertheless, in contrast with the case of ‘free’ 

supergravity, these equations cannot be extended (‘lifted’) to the whole superspace. 
in) The local supersymmetry 


5isE'^ = .e^(x, e{x)) , = Pe“(x, e{x)) + 


(16) 


(pull-back of the variational version of the superspace general coordinate symmetry on 
6isX>^ = 0 = 6is0°‘{x), cf. 6gc in 1 ^), which is a gauge symmetry of the group manifold action 
(|^, is partially ( 1 / 2 ) broken on the worldvolume for the coupled system 0 ). The 1/2 

of the supersymmetry preserved on has the form of a K-symmetry transformation. To 

formulate the statement in a more precise manner, note that the superheld e°{x, 9) can be easily 
restored from its pull-back on Ai^, e“ := e°‘{x,9{x)). Then this superheld parameter of local 


supersymmetry (IT) is arbitrary in all ‘points’ of superspace, except for the worldvolume 
where it is restricted by the condition 




( 17 ) 


In (|I^ ) 7 “^ is the kappa-symmetry projector (see [^) which satishes (1 — 7 )^ = 2(1 — 7 ) (as a 
result, only 1/2 of the components of spinor K^(r) enter effectively in ( 0 ) and, hence, in held 
transformations). On the other side, K-symmetry does not exist as a separate symmetry of the 
action ©■ 

iv) There exists another fermionic gange symmetry (the pull-back of superspace superdiheo- 
morphism symmetry j^) which transforms the fermionic coordinate function by 


dsdiffO'^ix) = e"(x,0(x)) . 
This clearly allows one to hx the gauge 


9'^{x) = 0 . 


In the light of the identihcation (13), Eq. (ID implies also 


0“(O = 0 . 


(18) 


(19) 


( 20 ) 
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As setting 0{x) = 0 in the group manifold action @ one arrives at a first order component 
action for supergravity (written in terms of spacetime fields), 

S'grr^SG[^^,'^«“^(5<^]le(a;)=o = 5'sG[e“(a?), (a^),(a^)] , ( 21 ) 

one concludes that in the gauge (H) the group-manifold based action for interacting supergravity- 
superbrane system, Eq. ( 0 ), becomes the action for (component) supergravity interacting with 
a purely bosonic brane. 


4 Dynamical supergravity interacting with a bosonic brane 


The supergravity interaction with a bosonic brane described by the sum of the component action 
for supergravity and the action for the bosonic brane, 


S = S’5G[e“(x),dx'"C(a;),a;“''(x)] + 5p[e“,Cq] , 


( 22 ) 


could be expected to be not supersymmetric and even inconsistent. However, as shown in [13|, 
the dynamical system ( p^ ) is selfconsistent when the bosonic brane is the pure bosonic ‘limit’ of 
some superbrane (its ‘associated superbrane’) due to the fact that in this case a one-half of the 
local supersymmetry is preserved on the worldvolume of the bosonic brane. To be more precise. 


when the bosonic brane is the limit of a superbrane, the dynamical system ( 22 ) possesses a local 
supersymmetry with parameter e"(x) arbitrary out of the worldvolume but restricted on the 
worldvolume by the conditions 


e- := e“(x(0) = (l-7o)V^(0 


(23) 


(c/. Eq. d^), where 7 o “/3 = 7 °'/ 3 le=o pure bosonic ‘limit’ of the K-symmetry projector of 

the associated superbrane. 

An inconsistency could now be expected as a result of this loss of supersymmetry. Indeed, 
local supersymmetry is used to gauge away the spin 1/2 irreducible representation included in 
the gravitino field '(/“(x). But if local supersymmetry is broken, this spin 1/2 part could remain 
‘dynamical’ and produce a spin 1/2 ghost. Thus, it would appear that there are still problems 
even if the bosonic brane is the bosonic limit of a superbrane, because in this case 1/2 of the 
supersymmetry is broken on the worldline due to (p^. 

However, it was shown in |]l^ that the presence of a source in the Einstein equation (the 
9{x) = 9{^) = 0 ‘limit’ of Eq. ( 0 )) and the absence of a source in the gravitino equation 
{9{x) = 9{^) = 0 ‘limit’ of ([l5|) ) results in a condition on the supercurrent which, in turn, is 
equivalent to a fermionic equation for the bosonic brane variables which include the pull-back 
e" of the fermionic form e" = (specifically, ira = 0 for a bosonic particle; this is 


the bosonic ‘limit’ of the superparticle equation = 0). As shown in |^, precisely 

these fermionic equations for the bosonic brane take up the role of gauge fixing conditions for 
the part of local supersymmetry that is lost on the bosonic brane worldvolume due to ([^). In 
other words, e^T^^Cra = 0 or its higher p counterpart, together with the remaining 1/2 of the 
local supersymmetry, remove the spin 1/2 ghost part of the gravitino field on the worldvolume 
of the bosonic brane. 

To clarify further the reasons for such selfconsistency of the super gravity-bosonic brane 
system, we have investigated in []H| a full superfield description of the supergravity-superparticle 
interacting system in a simple case where the superfield supergravity action exists, namely in 
H = 4 = 1 superspace, to which we now turn. 
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5 Superfield description of the L> = 4, = 1 supergravity— 

superparticle interacting system 

The superfield action for supergravity-superparticle interacting system is 

5 = + , (24) 


where 

Ssg 4 d[E^] = J (fx(fesdet{E^) = j (fz E (25) 

is the Wess-Zumino superfield action for D = A, N = 1 supergravity and 


5o := So[^“] = ^ I l{T)EraE<^ 
Wi 


(26) 


is the Brink-Schwarz superparticle action (^“ = {t)E1j{Z) = drE'^ and 1{t) is a Lagrange 

multiplier which can be treated as a worldline einbein). 

In Eq. (p5[ ) the supervielbein E^j{Z) is assumed to obey the supergravity constraints ^4^“ = 


-2icT“^ as well as = 0 = = 0, Tab'' = 0, and = 0 (or Tab" = 0 as, e.g., 

in |1T|). This makes the variational problem slightly subtle (see BUI) , but nevertheless well 
posed. 

The superfield equations of motion which result from the variation of the coupled action (^) 
with respect to the superfield variables turn out to be (see |j3) 


R:=-^Rai3‘^\aadbr^ = 0, (27) 

Ga := 2 i(r,/ - T^/) = Ja , (28) 


which imply the following superfield generalization of the Rarita-Schwinger and Einstein equa¬ 
tions for the coupled system 


^ ^ (29) 

Rbc'^^ = . (30) 

The current potential Ja entering Eq. (|2^) (and Eqs. (|^ , (^0|)) is expressed through the 
set of current prepotentials 

}C^{Z) := l^EarE^d^Z - Z ), 5\Z - Z) := _ 0)4 ^ ( 31 ) 

by 


\Ja = -iVaK + iEaK + 1^““[P„, • (32) 

and, due to the structure of the supergravity equations, satisfies the identities 

T'^Jaa = 0 , V^Jaa = 0 , V^Ja = 0 (33) 

i^aa'^a = Jaa) which are equivalent to the superparticle equations of motion, 

E°‘a%aEaT = 0 , EarCTaaE"' = 0 , V{1 Ear) = 0 . (34) 
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(only the superparticle Lagrange multiplier Z(r) produces an independent equation, E'^Ear = 0). 
Note that the bosonic counterpart of the above statement is well known in general relativity 
(see, e.g. pp. 19, 44-48 and Eq. (1.6.13) in |I^ and p. 240 in @). 

The above mentioned dependence of the superparticle equations of motion is the content of 
a Noether identity which, in the language of the second Noether theorem (see |13, [^), reflects 
the fact that the action (M) possesses a gauge symmetry (superspace superdiffeomorphisms) 
the transformations of which act additively on the superparticle coordinate functions. In other 
words, the superparticle coordinate functions behave like compensators (pure gauge fields) with 
respect to superspace diffeomorphism symmetry. 

This is tantamount to saying that in the supergravity-superparticle interacting system de¬ 
scribed by the action (p^) the superparticle coordinate functions x^(r), 6°‘{t) are the Goldstone 
fields for a gauge symmetry which is the superdiffeomorphism symmetry. The fact that the 
Goldstone fields are defined on the worldline or the worldvolume rather than on the whole su¬ 
perspace makes the super-Higgs effect |^| rather subtle in the presence of superbranes (we 
plan to discuss this separately). Here we wish to note only that the Goldstone nature of the 
fermionic coordinate functions i.e., its additive transformation law under superdiffeomorphisms, 
allows one to fix the fermionic ‘unitary’ gauge 


e^r) = 0 . (35) 

It was shown in 0 that in this gauge the current potential is proportional to the superspace 
Grassmann coordinate 6 (not to be confused with 0{t)): 

§{t) =0 ^ Ja(X {ef . (36) 


As a result VJ'a\9=o = 0 and the spacetime gravitino field equation for the supergravity- 
superparticle interacting system (given by the leading component of the superfield equation 
(1^) ) becomes sourceless in the gauge (|3^) , 

§{t)=0 => T“|,=o = 2ee“e^"^‘^P[,V’“](x)e^fTb„a = 0. (37) 

In contrast, the component Einstein equation retains the source term in the gauge (p^). 


e{x)Rbc°"^\g=o = c/yyi l{T)[ebTe°']S‘^{x - x) 


(38) 


The explicit form of the r.h.s’s of Eqs. 
fixed simultaneously with the gauge 
Eqs. 


uses the Wess-Zumino gauge, which can be 


0 . 


(38) coincide with the graviton and gravitino equations for the supergravity- 
bosonic particle interacting system. Moreover, one can show (see |I^) that the supergravity 
auxiliary fields vanish (on shell) in this gauge and that, in it, the superfield action (^) reduces 
to the action of the supergravity-bosonic particle interacting system (^^ upon integration over 
the Grassmann coordinates and elimination of the supergravity auxiliary fields by using their 
purely algebraic equations of motion. 

Thus, the superfield description oi D = 4 N = 1 supergravity-superparticle interacting 
system is gauge equivalent to the dynamical system of component supergravity interacting with 
the massless bosonic particle. 


6 Conclusions 

The example of the above D = 4, N = 1 interacting system shows that the complete coupled 
superfield action possesses all the gauge symmetries characteristic of the ‘free’ superfield su¬ 
pergravity and of the superparticle, including worldvolume K-symmetry. On the other hand. 
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the gauge fixed version of the superfield coupled action describes the component supergravity 
interacting with a bosonic particle; moreover, such a gauge fixed action produces the gauge 
fixed version of all dynamical equations of the superfield interacting system. This suggests that 
the supergravity-superbrane interacting system described by a complete superfield action (still 
unknown for the interesting cases of = 10 and 11 supergravity) is gauge equivalent to the 
system of dynamical supergravity interacting with the bosonic brane obtained by taking the 
bosonic ‘limit’ of the superbrane. 

As the component supergravity actions are known for all D < 11 supergravities, the above 
mentioned gauge equivalence would allow one to study any supergravity-superbrane interacting 
system, including systems of D = 10,11 supergravity interacting with super-L)-branes and 
super-M-branes. The bosonic brane action appearing as a gauge fixed version of the superbrane 
action keeps trace of its origin: when it is added to the (component) action for supergravity, 
the resulting coupled action still possesses on the worldvolume half of the ‘free’ supergravity 
local supersymmetry. This ‘preserved’ part of the local supersymmetry is defined through the 
(pure bosonic limit of the) ^-symmetry projector and is a remnant of the original superbrane 
K-symmetry. 

Thus the work outlined here may provide a convenient framework for a further study of var¬ 
ious aspects of brane physics in string/M-theory and its applications. In particular, it might be 
useful in the search for new solutions of the supergravity equations with nonvanishing fermionic 
fields and in the analysis of anomalies in M-theory (see |22]). 
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